We studied equilibrium conformations of trivial-, 3 1 -knot, and 5 1 -knot ring polymers with finite chain length at their θ -conditions using a Monte Carlo simulation. The polymer chains treated in this study were composed of beads and bonds on a face-centered-cubic lattice respecting the excluded volume. The Flory's critical exponent ν in R g ∼ N ν relationship was obtained from the dependence of the radius of gyration, R g , on the segment number of polymers, N. In this study, the temperatures at which ν equal 1/2 are defined as θ -temperatures of several ring molecules. The θ -temperatures for trivial-, 3 1 -knot, and 5 1 -knot ring polymers are lower than that for a linear polymer in N ≤ 4096, where their topologies are fixed by their excluded volumes. The radial distribution functions of the segments in each molecule are obtained at their θ -temperatures. The functions of linear-and trivialring polymers have been found to be expressed by those of Gaussian and closed-Gaussian chains, respectively. At the θ -conditions, the excluded volumes of chains and the topological-constraints of trivial-ring polymers can be apparently screened by the attractive force between segments, and the R 2 g values for trivial ring polymers are larger than the half of those for linear polymers. In the finite N region the topological-constraints of 3 1 -and 5 1 -knot rings are stronger than that of trivial-ring, and trajectories of the knotted ring polymers cannot be described as a closed Gaussian even though they are under θ -conditions.
I. INTRODUCTION
Topology of loops in two dimensions must be trivial, because loops, closed-strings, cannot be knotted in this dimension. In four or higher dimensions, making knots in loops is meaningless. In three dimensions we can generate loops with any topology, and their topologies are fixed if they have excluded volumes. Fig. 1 shows three types of topologies in three dimensions, trivial, 3 1 -knot, and 5 1 -knot rings. We can observe knotted loops in "soft-matters"; deoxyribonucleic acids (DNA) and polymers, etc. Dean et al. 1 and Wasserman et al. 2 observed knots in DNAs with electron micrograph and also studied topology changes in the knots. Takano et al. 3, 4 synthesized trivial ring polystyrene and purified them by sizeexclusion chromatography and liquid chromatography at the critical condition. The linear polymer contamination was 4% or less, and the molecular weight of ring polystyrene M is 573k. They observed the θ -temperature at which Flory's critical exponent ν goes to 1/2 in cyclohexane is 300.9 K, which is 6.8
• below the θ -temperature of linear polystyrene. The experimental result of the θ -temperature depression agrees with the simulational 5, 6 and theoretical 7, 8 studies. Ohta et al. 9 synthesized knotted ring polymers and separated them from the trivial ring fraction by the chromatography technique.
The scaling behavior of radius of gyration R g of polymer chains can be classified by the ν values, 10 Flory's critical exa) E-mail: jiro.suzuki@kek.jp ponent, with the segment number of the molecule N by
If trajectories of linear polymers are described as a selfavoiding walks (SAW) in three dimensions: chain crossing is not permitted, the ν values are approximately 3/5. If trajectories of linear polymers are described as a random walk, the ν value in Eq. (1) is 1/2. In this cases the excluded volume of chains is screened by attractive force between segments, and the magnitude of chain conformation entropy is maximum. Dimension of linear polymers in melt and at θ -temperature can be described by the random walk model. For example, the θ -temperature for linear polystyrene is 307.7 K in cyclohexane.
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The topological constraint in flexible rings was discussed theoretically, 12 and the effect of the constraint is the same as the excluded volume interactions. If trajectories of ring polymers are described as a closed random walk, Gaussian random polygon (GRP), the ν value is 1/2. 13, 14 The chain topology of rings cannot be fixed: they are random knots, because chain crossing is allowed. Katritch et al. 15 generated 9 × 10 5
GRPs and the polygons were classified by topology with the Alexander polynomial. 16 The most frequent minimal sizes for the 3 1 -and 5 1 -knot domains are 6-8 and 20 segments, respectively. They concluded that the knotted-domains in the GRPs are localized. Orlandini et al. 17 studied numerically the conformations of 3 1 -knot ring polymers absorbed on a plane at the high and low temperatures. The knot size dependency on ring length L and temperature was obtained, and the results were extrapolated at L → ∞. The knotted domains in 3 1 ring are localized in the high temperature, but delocalized in the low temperature. At their θ -temperature, the collapse transition, the knots are weakly localized. Ercolini et al. 18 obtained the ν values and the persistence length of DNAs adsorbed on a surface by atomic force microscope. The localization of knots in two-dimensions was observed under the weak absorption conditions. Mansfield 19 observed the collapse transition of polymer chains by a dynamic Monte Carlo simulation from good-to poor-solvent conditions. The relaxation of the knot spectrum is much slower than that of the radius of gyration. Orlandini et al. 20 discussed the size of knots in polymers under good-, poor-, and θ -conditions. In three dimensions knots in good-solvent are weakly localized, and they are delocalized below the θ -temperature. Mansfield and Doublas 21 obtained numerically equilibrium dimensions of knotted ring polymers on three classes of polymers, self-avoiding-, theta-state-, and Gaussian-rings. The simulation result extrapolated to large N demonstrated knot localization in all three classes of chains. But at large N, 10 4 , the data have not reached to the asymptotic domain of N.
A large number of conformations of GRPs generated in N ≤ 600 were classified by topology, and their averaged dimensions and the ν values were obtained. 14 The ν values for trivial-, 3 1 -, and 5 1 -knot rings are 0.589, 0.590, and 0.596, respectively. Their ν values for each topology in the finite N values are the same as that for linear polymers in good solvents, because the rings are swollen by the topological constraints. Suzuki et al. 5, 6 reported the topological constraint in trivial, 3 1 -knot, and 5 1 -knot rings in the finite N region of N ≤ 2048 under the θ -conditions with Monte Carlo simulation. In this case topology of ring polymers is kept, because chain crossing is prohibited by the excluded volumes. The θ -temperatures for linear-, trivial-, 3 1 -knot, and 5 1 -knot ring polymers are obtained, where their ν values were 1/2. As a result, the θ -temperatures for four molecules in the finite N region show the following relative relationship,
This means that the ν values for trivial-, 3 1 -knot, and 5 1 -knot ring polymers are larger than 1/2 at the θ -temperature for linear polymers. Trajectories of linear polymer under θ -conditions and random-knots can be described as a randomwalk and a closed-random-walk, respectively. The conformational statistics of their chains is expressed by Gaussian, which is well known and shown in the Appendix. Miyaki et al. 11 obtained the R 2 g value dependence on molecular weight, M, for linear polystyrene in the θ -solvent, cyclohexane at 307.7 K, with the light scattering, as
Properties of polystyrene is well studied, 22 and the Kuhn length of polystyrene is 1.67 nm and it can be accounted for 5.07 monomeric units. 11, 23 The Kuhn length of linear polymer at the θ -temperature in the simulator employed in this study is 1.759, 6 and the chain length of N = 4096 in the simulator corresponds to M = 1.4 × 10 6 of polystyrene. It is very difficult to perform polymerization to reach such a large M with monodispersed molecular weight distribution. In most case experiments are performed in the range of M < 10 6 , and molecular weight of ring polymers in the M region does not reach the asymptotic region. In this paper, conformational statistics of trivial-, 3 1 -knot, and 5 1 -knot ring polymers at ν = 1/2 are obtained with the simulator and compared with those of the Gaussian in the range of N ≤ 4096. The analogy between the excluded volume effects of chains and the topology-driven swelling of ring polymers is discussed in the finite N region.
II. SIMULATION
A simple and an efficient simulation algorithm is required because we try to obtain averaged conformations of linear, trivial-and knotted-ring polymers at large N. The simulation algorithm used in this study was introduced in a previous study, 6 where polymer chains were placed on a face-centeredcubic (fcc) lattice. Because the motions of beads and bonds are defined on fcc lattice, excluded volume of polymer chains is associated with bead contact only. Since chain flexibility is required to discuss the topological constraints in the rings, polymer beads can move not only with the local motions but also with the trans-locations in the algorithm. We employ the Metropolis Monte Carlo method in obtaining averaged R 2 g values of polymer molecules vs. N for linear, trivial-, 3 1 -, and 5 1 -knotted ring polymers in dilute solutions. Since only dilute solutions are studied in this paper, linear and the three ring polymer molecules with different topology isolated in a three-dimensional lattice are treated. The procedure of the algorithm in detail was explained in the previous papers. 5, 6 A polymer beads is selected randomly for the transition from initial to trial positions in one Monte Carlo (MC) step. If the trial position is occupied by the other beads, the trial is rejected. Probability p of transition and temperature T α are defined as
where E is the energy change between initial and trial conformations, E = −(E trial − E initial ). The numbers of beads contacting the selected beads at initial and trial position are E initial and E trial , respectively. The ensemble average of the square of the radius of gyration of a chain, R 2 g , is defined as
where r i and r cm are the position vector of the ith bead in a chain and that of the center of mass of the chain, respectively, where mutual relationship is defined in Eq. (6). Fig. 2(b) . Under this temperature the slope, the 2ν value, for linear polymer is 1.0 in the large but finite N region, 512 ≤ N ≤ 2048. The T α values for trivial-, 3 1 -, and 5 1 -knotted ring polymers are θ triv = 7.199, θ 3 1 = 6.998, and θ 5 1 = 7.001, respectively, at which their 2ν values become unity. In this paper, these are defined as the θ -temperatures. Because knotted domains in the rings are localized at the θ -temperature in the large N limit, the ν values for rings may be the same values. The simulation data shown in Fig. 2 and the θ -temperatures are quoted from the previous paper. 6 
III. RESULTS AND DISCUSSION

A. Segmental distribution functions
Radial distribution functions of the distance of the two segments in a molecule separated by λN steps, W (r, λ), can be given by
from the simulator, where r is the distance between segments, E(r, λ) is the frequency of appearance and n(r) is the number of lattice points with the distance r from the origin. The λ value is defined and explained in Fig. 3 , and λ L is occasionally abbreviated as λ in the following formulas. The E(r, λ) values were acquired with obtaining the R the Gaussian, 6 and therefore the excluded volume of linear chains is screened completely by the attractive force between segments.
The computations in this study were executed on the Central Computing system hosted by the Computing Research Center of the High Energy Accelerator Research Organization. Two days each were required to complete data acquisition for N = 4096 with an Intel Xeon processor for each simulation job.
B. Universal scaling function of probability distribution dunctions
A universal scaling formula of a radial distribution function f(r) is introduced 24 as is shown in Eq. (9), which is applied to fit the simulation data obtained in this study,
In Eq. (9), r is the end-to-end distance of a polymer chain, and C s and D s are constants. Flory's critical exponent ν d can be obtained from the δ value, according to the relation
The f(r) at r ≥ 0 is an upward convex function, and it has a maximum value at r = r max ,
The simulated data for each λ at N = 4096 are evaluated with the least square method by applying the formula, Eq. (9), and the best fits at λ L = 1.0 and λ = 0.5 are shown in Fig. 4 . than 1/2, indicating that their trajectories cannot be described as a closed random walk. Segmental distribution functions for a random walk and a closed random walk have been studied and established well, which are shown in the Appendix. The topology of a closed random walk cannot be fixed, because their chains can be crossed each other.
The polymer chains treated in this study have the excluded volumes which are screened by the attractive forces between segments. Accordingly, topology of each ring is kept by their excluded volumes when they are at θ -temperatures. In Fig. 6(a) the distribution functions for trivial-rings at θ triv are compared to those for linear chains at θ linear . The distribution functions of the end-to-end distance of linear polymer and the distance between the opposite segments of trivial-ring are shown. From Eqs. (A2) and (A6), for example, it can be recognized that the distribution function of the random walk model for a linear molecule at N = 2048 and λ L = 1/2 is identical to that of closed-phantom-chain at N = 4096 and λ = 1/2. The ν d value for a trivial-ring in Fig. 5 is approximately 1/2 at λ = 1/2, which is the same value as that for a linear polymer. Figs. 5 and 6(a) show that the segmental distribution of trivial-ring polymers under θ -conditions can be described as a closed-random walk. Thus Fig. 6(b) shows the distribution functions of trivial-, 3 1 -knot-, and 5 1 -knot-ring polymers under the θ -conditions. The distribution functions are shifted to smaller r region with increasing the topological constraints in the ring polymers. It is natural that conformation of sectional chains of a linear polymer can be described as a random walk, since the ν value should be 1/2. In Fig. 7 the functions for the ring polymers are not proportional to λ any more, and the magnitudes of curvatures are increased with increasing the topological constraint.
In Fig. 8 two functions for ring polymers at (a) high temperature, (b) θ linear , (c) θ triv , and (d) three θ -temperatures for three topology are compared. The broken lines in Fig. 8 express the functions associated with the closed random walk model, which are proportional to λ(1 − λ) from Eqs. (A7) and (A8). At high temperature, Fig. 8(a) , both of the functions for trivial-, 3 1 -knot, and 5 1 -knot ring polymers are all convex downward. As shown in Fig. 8(b) , at θ linear , all the plots are increased comparing with the data in Fig. 8(a) , particularly the functions for 3 1 -knot ring are very close to the broken lines, though the ν value for 3 1 -knot at θ linear is not 1/2. On the other hand as shown in Fig. 8(c) , at θ triv , merely the trivial ring molecule gives the identical values as those for the closed random walk model, and the others are convex upward. Fig. 8(d) compares the functions for three ring chains at their own θ -temperatures. Equations (A7) and (A8) suggest that the functions of rings in Fig. 8 much smaller than 1/2. Thus the statistics of trivial-ring polymers at N = 4096 under θ -conditions can be described by the closed random walk model.
The expansion factor β introduced in the previous paper 6 was defined as
where the denominator in Eq. (11) is the ensemble average of R 2 g for linear polymers at θ linear and should be proportional to N. At the θ -temperatures for trivial-, 3 1 -knot or 5 1 -knot ring polymers the R 2 g (N, T α ) values are also proportional to N, and the N-dependence of the β-values vanishes, therefore the β-values at ν = 1/2 depend on topology. It is well known that the β value for the closed random walk model is 1/2, while those for trivial-, 3 1 -knot, and 5 1 -knot ring polymers at N = 4096 are 0.525, 0.404, and 0.349, respectively, and they evidently decrease with increasing degree of topological constraint. 6 The β-value for trivial rings is larger than 1/2, and trivial ring polymer at ν = 1/2 is only swollen by preventing the topological transitions. The chain conformation entropy is maximum with the swollen chain conformations described by a closed random walk, whereas the others are squeezed due to their strong topological constraints.
Not only the N dependence of R Both of the excluded volumes of chains and the topological constraints in a trivial ring are screened by the attractive force between segments. If the topological constraint in the trivialring can be ignored, the θ -temperature for the trivial-ring is the same as that for the linear polymers. This situation is realized only for a trivial-ring, because the r 2 nor (λ) and r 2 max,nor (λ) values for 3 1 -and 5 1 -knots in Fig. 8(d) are shifted up with increasing the topological constraints. This result is obtained from the simulation performed in the finite N region, and the topological constraint in the rings can only be ignored at N → ∞. The influence of the topological constraint can be observed in experiments with ring polymers, because the N values used in this study is large enough for polymer molecules.
C. Conclusion
We obtained the segmental distribution functions for ring polymers under the conditions of ν = 1/2 in the finite N region, where the topologies of rings are fixed. The distribution function for trivial rings is merely described with the Gaussian, the closed random walk model, and the R 2 g values for trivial ring polymers are larger than the R 2 g /2 values for linear polymers. The excluded volume effects of chains and the topological constraints in a trivial ring can be screened completely by the attractive force between segments in the finite N region.
